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1. Introduction
This note concerns existence of inﬁnitely many solutions to the equation{−u = b(x)|u|q−2u + f (x,u) in Ω,
u = 0 on ∂Ω, (1.1)
where Ω ⊂ RN is a bounded domain and 1 < q < 2. Conditions on the weight function b and on the nonlinearity f will
be formulated later. The weight function b will be possibly sign-changing and the nonlinearity f will be considered as
a perturbation term.
Equations of this type have been studied extensively in the literature, mainly in the case where b(x) is a positive con-
stant; see for example [1–3,5,6]. In [1–3,5], inﬁnitely many solutions were obtained provided that f satisﬁes some global
assumptions for all x and u. A typical example of f satisfying those global assumptions is f (x,u) = |u|p−2u with 2< p  2∗ .
These solutions are small solutions in the sense that the sequence of solutions converges to 0 in the L∞ norm. It was ﬁrst
observed by Wang in [6] that existence of such a sequence of solutions relies only on local behavior of the equation and
assumptions on f (x,u) only for small u are required.
Among other results, it was proved in [6] that if b(x) = λ is a positive constant, 1 < q < 2, f (x,u) is odd in u for
small |u|, and f (x,u) = o(|u|q−1) as u → 0 uniformly in x then (1.1) has a sequence of weak solutions (un) ⊂ H10(Ω) such
that ‖un‖L∞(Ω) = 0 as n → ∞. Moreover, I(un) 0 and I(un) → 0 as n → ∞, where
I(u) = 1
2
∫
Ω
|∇u|2 dx− 1
q
∫
Ω
b(x)|u|q dx−
∫
Ω
F (x,u)dx
with F (x,u) being the primitive of f (x,u). Note that positivity of b(x) = λ was used in [6] in an essential way.
In this note, we consider (1.1) where b(x) is possibly sign-changing, a case which cannot be imbedded in the framework
of [6]. The exact assumptions on b and f are as follows:
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(A2) f (x,u) ∈ C(Ω × (−δ, δ),R) is odd in u for δ > 0 small and f (x,u) = o(|u|) as |u| → 0 uniformly for x ∈ Ω .
Theorem 1.1. Let 1< q < 2 and assume (A1) and (A2) are satisﬁed. Then (1.1) has a sequence of weak solutions (un) ⊂ H10(Ω) such
that ‖un‖L∞(Ω) → 0 as n → ∞. Moreover, I(un) < 0 and I(un) → 0 as n → ∞.
We now consider the so-called p-Laplacian equation{−pu = b(x)|u|q−2u + f (x,u) in Ω,
u = 0 on ∂Ω, (1.2)
where Ω ⊂ RN is a bounded domain, pu is the p-Laplacian operator div(|∇u|p−2∇u) with 1< p < ∞, and 1< q < p. For
this problem, in the case where b(x) = λ is a positive constant, f (x,u) ∈ C(Ω × (−δ, δ),R) is odd in u for δ > 0 small, and
f (x,u) = o(|u|q−1) as |u| → 0 uniformly for x ∈ Ω , inﬁnitely many solutions of (1.2) was also obtained in [6]. To state a
result for a possibly sign-changing weight function b(x), we need the following assumption:
(A3) f (x,u) ∈ C(Ω × (−δ, δ),R) is odd in u for δ > 0 small and f (x,u) = o(|u|p−1) as |u| → 0 uniformly for x ∈ Ω .
Theorem 1.2. Let 1 < q < p and assume (A1) and (A3) are satisﬁed. Then (1.2) has a sequence of weak solutions (un) ⊂ W 1,p0 (Ω)
such that ‖un‖L∞(Ω) → 0 as n → ∞. Moreover, J (un) < 0 and J (un) → 0 as n → ∞, where
J (u) = 1
p
∫
Ω
|∇u|p dx− 1
q
∫
Ω
b(x)|u|q dx−
∫
Ω
F (x,u)dx.
Remark 1.3. a) We are not aware of any result in the literature on existence of inﬁnitely many solutions for elliptic equations
with indeﬁnite concave nonlinearities.
b) The assumption in [6] that b(x) is a positive constant has been relaxed in our Theorems 1.1 and 1.2. But the assumption
in [6] that f (x,u) = o(|u|q−1) as |u| → 0 uniformly for x ∈ Ω is weaker than what we have assumed in Theorems 1.1 and 1.2.
Therefore, our results complement those in [6].
c) For results on existence of multiple positive solutions, see for example [7].
2. Proof of Theorems 1.1 and 1.2
The proof is motivated by the arguments in [6]. We shall only give the proof of Theorem 1.1 since the proof of Theo-
rem 1.2 is similar. Denote by λ1 the ﬁrst eigenvalue of − with 0-Dirichlet boundary condition on Ω . As in [6], we ﬁrst
modify f so that the nonlinearity is deﬁned for all (x,u) ∈ Ω ×R.
Lemma 2.1. Let f (x,u) be as in (A2). Then for any λ ∈ R, 0< λ < λ1 , there exist a ∈ (0, δ/2) and f˜ ∈ C(Ω ×R,R) such that f˜ (x,u)
is odd in u and satisﬁes
f˜ (x,u) = f (x,u), ∀|u| a, (2.1)
f˜ (x,u)u − qF˜ (x,u) (2− q)λ
2
|u|2, ∀(x,u) ∈ Ω ×R, (2.2)
∣∣˜F (x,u)∣∣ λ
2
|u|2, ∀(x,u) ∈ Ω ×R, (2.3)
where F˜ (x,u) = ∫ u0 f˜ (x, s)ds.
Proof. Fix λ ∈ (0, λ1) and denote θ = (2−q)λ2 . Choose  ∈ (0, θ/14). By (A2), there exists a ∈ (0, δ/2) such that for |u| 2a,∣∣F (x,u)∣∣ |u|2, ∣∣ f (x,u)u∣∣ |u|2.
Now we choose a cut-off function ρ ∈ C1(R,R) so that it is even and satisﬁes
ρ(t) = 1 for |t| a, ρ(t) = 0 for |t| 2a,
and ∣∣ρ ′(t)∣∣ 2
a
, ρ ′(t)t  0.
Choose β ∈ (0, θ/16) and F∞(u) = β|u|2. Using ρ and F∞ , we deﬁne
F˜ (x,u) := ρ(u)F (x,u) + (1− ρ(u))F∞(u)
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f˜ (x,u) := ∂
∂u
F˜ (x,u).
Then, for |u| 2a, we have
f˜ (x,u) = ρ ′(u)F (x,u) + ρ(u) f (x,u) + (1− ρ(u))F ′∞(u) − ρ ′(u)F∞(u)
and
f˜ (x,u)u − qF˜ (x,u) = ρ ′(u)uF (x,u) + ρ(u) f (x,u)u + 2β(1− ρ(u))|u|2
− βρ ′(u)u|u|2 − qρ(u)F (x,u) − qβ(1− ρ(u))|u|2.
It is easy to see that, for all (x,u) ∈ Ω ×R,
∣∣˜F (x,u)∣∣ ( + β)|u|2  λ
2
|u|2
and
f˜ (x,u)u − qF˜ (x,u) (7 + 8β)|u|2  θ |u|2.
Therefore, a and f˜ deﬁned above satisfy all the properties stated in the lemma. 
We now consider the modiﬁed problem{−u = b(x)|u|q−2u + f˜ (x,u) in Ω,
u = 0 on ∂Ω, (2.4)
whose solutions correspond to critical points of the functional
I˜(u) = 1
2
∫
Ω
|∇u|2 dx− 1
q
∫
Ω
b(x)|u|q dx−
∫
Ω
F˜ (x,u)dx, u ∈ H10(Ω).
The construction of I˜ together with (2.3) shows that I˜ is C1, even, bounded from below, and coercive, and therefore satisﬁes
the (PS) condition.
Lemma 2.2. I˜(u) = 0= 〈˜I ′(u),u〉 if and only if u = 0.
Proof. Clearly if u = 0 then I˜(u) = 0= 〈˜I ′(u),u〉. Next we assume I˜(u) = 0= 〈˜I ′(u),u〉. Since
1
2
∫
Ω
|∇u|2 dx− 1
q
∫
Ω
b(x)|u|q −
∫
Ω
F˜ (x,u)dx = 0
and ∫
Ω
|∇u|2 dx−
∫
Ω
b(x)|u|q −
∫
Ω
f˜ (x,u)u dx = 0,
we obtain(
1
q
− 1
2
)∫
Ω
|∇u|2 dx =
∫
Ω
(
1
q
f˜ (x,u)u − F˜ (x,u)
)
dx (2− q)λ
2q
∫
Ω
|u|2 dx,
where we have used (2.2) in Lemma 2.1. Then the fact that 0< λ < λ1 implies u = 0. 
Remark 2.3. In a result in [6] similar to Lemma 2.2, the f˜ and F˜ terms are compared with the |u|q term. Here instead we
compare the f˜ and F˜ terms with the gradient term, and we cannot compare the f˜ and F˜ terms with the |u|q term since
the weight function b(x) is possibly sign-changing.
276 Z. Guo / J. Math. Anal. Appl. 367 (2010) 273–277The following lemma is a variant of a result due to Clark [4] and we quote it from [6].
Lemma 2.4. Let Φ ∈ C1(X,R) where X is a Banach space. Assume Φ satisﬁes the (PS) condition, is even and bounded from below,
and Φ(0) = 0. If for any k ∈ N, there exists a k-dimensional subspace Xk and ρk > 0 such that
sup
Xk∩Sρk
Φ < 0,
where Sρ := {u ∈ X | ‖u‖ = ρ}, then Φ has a sequence of critical values ck < 0 satisfying ck → 0 as k → ∞.
We are ready to prove Theorem 1.1.
Proof of Theorem 1.1. In order to apply Lemma 2.4 to I˜ we only need to ﬁnd for any k ∈ N, a subspace Xk and ρk > 0
such that supXk∩Sρk I˜ < 0. For any k ∈ N we ﬁnd k linearly independent functions e1, . . . , ek in C
∞
0 (Ω
′). We deﬁne Xk :=
span{e1, . . . , ek}. By (A1), we may assume b(x) > b0 > 0 in ⋃ki=1 supp ei for some constant b0. For u ∈ Xk , using (2.3) in
Lemma 2.1 we have
I˜(u) 1
2
‖u‖2 − b0
q
‖u‖qLq(Ω) +
λ
2
‖u‖2L2(Ω),
which implies the existence of ρk > 0 such that supXk∩Sρk I˜ < 0 since the dimension of X
k is ﬁnite. According to Lemma 2.4,
there exists a sequence of negative critical values ck of I˜ satisfying ck → 0 as k → ∞. For any k, let uk be a critical point
of I˜ associated with ck . Then uk are solutions of (2.4) and they form a (PS) sequence. Without loss of generality, we may
assume that uk → u in H10(Ω) as k → ∞. Then u satisﬁes I˜(u) = 0= 〈˜I ′(u),u〉. Therefore, u = 0 according to Lemma 2.2 and
uk → 0 in H10(Ω) as k → ∞. Standard elliptic estimates show that uk → 0 in L∞(Ω) as k → ∞. In view of (2.1) and (2.4),
we see that uk with k large are solutions of (1.1). The proof is complete. 
Theorem 1.2 is proved in the same way.
Remark 2.5. a) In Theorem 1.1, the assumption (A2) can be replaced with the less constrained assumption:
(A4) f (x,u) ∈ C(Ω × (−δ, δ),R) is odd in u for δ > 0 small and
limsup
u→0
| f (x,u)|
|u| < λ1, limsupu→0
2(u f (x,u) − qF (x,u))
(2− q)u2 < λ1. (2.5)
To see that Theorem 1.1 is valid in this general case, we just need to check the argument of Lemma 2.1. Choose δ1 ∈ (0, δ)
and λ ∈ (0, λ1) such that for |u| δ1,∣∣ f (x,u)∣∣ λ|u|, u f (x,u) − qF (x,u) (2− q)λ
2
u2.
Choose a ∈ (0, δ1/2) and F∞(u) = − λ2u2. Let ρ , F˜ , and f˜ be deﬁned as in the proof of Lemma 2.1. Checking the proof of
Lemma 2.1, we see that all its conclusions hold.
Obviously, if limu→0 f (x,u)/u exists then the second inequality in (2.5) can be deduced from the ﬁrst.
b) Similarly, the assumption (A3) in Theorem 1.2 can be replaced with the weaker assumption (A5):
(A5) f (x,u) ∈ C(Ω × (−δ, δ),R) is odd in u for δ > 0 small and
limsup
u→0
| f (x,u)|
|u|p−1 < λ1, limsupu→0
p(u f (x,u) − qF (x,u))
(p − q)|u|p < λ1.
Here, λ1 is the ﬁrst eigenvalue of the p-Laplacian operator −p associated with the 0-Dirichlet boundary condition.
c) It seems hard to obtain similar results as Theorems 1.1 and 1.2 for Hamiltonian systems and wave equations. Results
for Hamiltonian systems and wave equations similar to results for elliptic equations were proved in [6].
3. An equation with combined nonlinearities
As an example, we consider the equation{−pu = b(x)|u|q−2u + d(x)|u|r−2u in Ω, (3.1)
u = 0 on ∂Ω,
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the literature, especially after [2]. To our knowledge, these equations have not been well studied in the supercritical case:
1 < p < N , r > Np/(N − p). Applying our results from Section 1 to (3.1), we have the following theorem which includes
results in the supercritical case.
Theorem 3.1. Assume (A1), r ∈ (q, p) ∪ (p,∞), and d(x) ∈ C(Ω). Then (3.1) has a sequence of weak solutions (un) such that
‖un‖L∞(Ω) → 0 as n → ∞.
Proof. If r ∈ (p,∞), then the result is a consequence of Theorem 1.2. If r ∈ (q, p) then we just apply Lemma 2.4 to the
functional J to obtain the result. 
Remark 3.2. a) The exponent r in Theorem 3.1 can be critical or supercritical in the sense of Sobolev imbedding. The reason
is that the solutions {un} we obtain are small solutions with ‖un‖L∞(Ω) → 0. For existence of large solutions, there is always
a topological obstacle if r is critical or supercritical.
b) We do not have a result when r = p. But if r = p = 2 and 0 is not an eigenvalue of −−d(x) then standard arguments
yield existence of inﬁnitely many solutions of (3.1).
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